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Abstract

A plane ¢gP-wave (quasi-P-wave) is assumed to be incident at a corrugated interface between two dissimilar pre-stressed
elastic solid half-spaces. Using Rayleigh’s method of approximation, the reflection and transmission coefficients have been
presented for the first-order approximation of the corrugation. These coefficients are obtained in closed form for a
corrugated interface of periodic shape. We found that these coefficients depend on the angle of incidence, frequency of the
incident wave, initial stresses and incremental elastic properties of the half-spaces. The coefficients corresponding to
irregularly reflected and transmitted waves are found to be proportional to the amplitude of the corrugated interface and
are also influenced significantly by the initial stresses of the half-spaces. Some more results including the results of Sidhu
and Singh [Reflection of P and SV-waves at the free surface of a prestressed elastic half-space, Journal of the Acoustical
Society of America 76(2) (1984) 594-598] have been deduced as particular cases from the present problem.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

The theory of elastic wave propagation finds numerous applications in geophysics and seismology. They are
of great help in exploration of the internal composition of the Earth layers and their properties. Seismic waves
originating from the sources are to travel through different layers of the Earth and the velocities of these waves
depend on the characteristics of the layer material through which they pass. While traveling through one layer
to another adjacent layer, they undergo reflection and transmission at the interface between the layers. The
reflection and transmission phenomenon of elastic waves not only depend on the layers’ properties and angle
of incidence but also depend on the shape of the interface. It is believed that the interface between any two
adjacent layers of the Earth is not perfectly plane, but it is undulated in nature. Thus, while investigating the
problems of reflection and transmission of elastic waves from such interfaces, the geometry of the interface
should be taken into account.

A number of problems of reflection and transmission of elastic waves from plane boundaries have been
investigated in the past, but a few problems have been attempted at the corrugated interface. For the first time,
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Rayleigh [1] discussed a problem of reflection and transmission of waves from an undulated boundary surface.
He obtained reflection and refraction coefficients of sound and light waves incident upon a corrugated
boundary surface. In his method, the amplitude and slope of the corrugated interface are assumed to be small
and the expression of the corrugated interface defining the boundary surface is expanded into Fourier series
and the unknown coefficients in the boundary conditions are determined to the nth order of approximation in
terms of small parameter characteristics of the corrugated interface. Later on, many researchers applied his
method in various other fields to explain the reflection and transmission phenomena of waves at an irregular
boundary surface. Some problems of reflection and refraction of elastic waves at a corrugated boundary
surface have been studied using different techniques. Asano [2,3], Abubakar [4], Gupta [5], Lavy and
Deresiewicz [6], Tomar and his coworkers [7—10] are some notable references.

Biot [11,12] gave the equations of wave motion and constitutive relations for a pre-stressed elastic medium
and investigated the possibility of wave propagation. Since then many researchers have attempted a number of
problems in the pre-stressed media. Babich [13] discussed the propagation of surface waves in a pre-stressed
medium and showed that the velocity of surface waves varies linearly with the initial stress for a fixed
frequency. Dowaikh and Ogden [14] studied the problem of interfacial (Stoneley) waves along the boundary
between two half-spaces of pre-stressed incompressible isotropic elastic materials. They derived the secular
equation and obtained a condition for the existence of a unique interfacial wave. Ogden and Sotiropoulos [15]
discussed the problem of interfacial waves along the plane boundary between a pre-stressed incompressible
elastic solid half-space and a pre-stressed incompressible elastic solid layer of uniform thickness. They derived
the dispersion equation and obtained the conditions on the pre-strain, pre-stress and material parameters that
ensure the existence of a unique interfacial wave speed at low and high frequencies. Khurana and Vashisth [16]
analyzed a problem of Love wave propagation in a pre-stressed elastic layer overlying a pre-stressed
poroelastic solid half-space. The interface between the layer and the half-space is considered to be loosely
bonded, in general. They derived the frequency equation for Love wave propagation and studied the effects of
the looseness of the interface and the initial stress on the phase velocity of Love waves. Pal and
Chattopadhyay [17] discussed a problem of reflection of plane harmonic waves from a free boundary of a
homogeneous, pre-stressed, orthotropic elastic half-space. It is shown that under certain conditions an
incident pure mode of a P or S¥-wave in a specific direction does not give rise to a pure mode of a reflected
P-wave. Either there is reflection of superposition of P and SV-waves or an SV-wave only. Chattopadhyay
et al. [18] discussed wave propagation in a pre-stressed elastic medium and studied a problem of reflection of P
and SV waves at a free surface of an initially stressed elastic half-space. Norris [19] pointed out that
Chattopadhyay et al. [18] assumed a form of solution which does not satisfy their equations of motion and the
results obtained by them are in doubt. Norris [19] re-investigated the propagation of plane waves in a
homogeneous pre-stressed elastic medium having an initial axial stress in two orthogonal directions. He
showed that pure longitudinal and shear waves can propagate only in certain specific directions, which are
defined. Sidhu and Singh [20] also commented on the paper by Chattopadhyay et al. [18] and stated that their
results are not acceptable because the method of potentials used in the paper is not acceptable for pre-stressed
media. Later, Sidhu and Singh [21] investigated the propagation of plane waves in a pre-stressed elastic solid
with incremental elastic coefficients possessing orthotropic symmetry. They showed that two types of plane
waves called a quasi-P wave and a quasi-S wave can exist and their velocities depend on the angle of
propagation. They have also investigated the problem of reflection of P and SV-waves at the free surface of a
pre-stressed elastic half-space. Subsequently, Sidhu and Singh [22] obtained a condition on the incremental
elastic constants for the existence of real values of the phase velocity of quasi-S plane waves in a pre-stressed
elastic solid. It is also shown that if this condition is violated, the quasi-S waves do not exist for a certain range
of the angle of propagation. The propagation of elastic waves in an infinite pre-stressed elastic solid medium
has also been investigated by Dahlen [23] and Tolstoy [24].

In this paper, we have attempted a problem of reflection and transmission of a quasi-P wave (called gP-wave)
incident obliquely at a corrugated interface between two dissimilar pre-stressed elastic half-spaces. The reflection
and transmission coefficients are obtained using Rayleigh’s method of approximation by assuming that the
amplitude and slope of the corrugated interface are small. The closed-form formulae of these coefficients for the
first-order approximation are then presented for a particular type of interface (cosine law interface). Some more
results including the results of Sidhu and Singh [21] have been deduced as particular cases from the present problem.
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2. Problem formulation and equations

Consider the Cartesian x- and z-axes perpendicular to each other and lying on the horizontal plane, while
the y-axis is vertical to this plane with its positive direction pointing downward. Suppose the two
homogeneous pre-stressed half-spaces, namely M’ and M’ occupy the regions —oo <y <{(x) and {(x)<y< oo,
respectively, and are separated by a corrugated interface, y = {(x). The Fourier series expansion of this
corrugated surface is given by

() =D (L™ 4 {pe™™), (1)
n=1

where {(x) is a periodic function of x and independent of z, whose mean value is zero, {,, and {_, are Fourier
expansion coefficients, 7 is the series expansion order, 1 = ~/—1 and the wavelength of corrugation is given by 27 /D.

We shall denote the parameters in the half-space M without a prime and those in the half-space M’ with a
prime. These half-spaces are either isotropic in finite strain or anisotropic with an orthotropic symmetry. By
isotropic in finite strain, we mean that the stress is related to the finite strain by the relations which are
independent of the orientation of the stress field. From the viewpoint of the incremental stresses the medium is
isotropic in the vicinity of the unstressed state, but it will become anisotropic in a state of finite strain
considered as the initial state. The coordinate systems are chosen to coincide with the principal directions of
the initial stress which is then represented by its three principal components. Since the medium is isotropic in
finite strain, the principal directions of stress define three planes of symmetry for the incremental elastic
properties. This means that the incremental stress—strain relations must possess orthotropic symmetry
(see Biot [14], p. 89). The state of initial stress is therefore defined by the principal components Sy, Sz, and S33
in the half-space M and by S/, S5, and S}, in the half-space M'. If we restrict our analysis only to plane strain
parallel to the xy-plane with the displacement components U and U’ in the x direction and ¥V and ¥V’ in the y
direction then the third principal stresses S33 and S3; do not enter explicitly in the equations of motion.
Following Biot [12], the equations of motion for gP-wave propagation in the medium M are given by
*U 4 *u  d*U PV *U ol e %4
W'FA;;W-I—Alaiyz:pw, Bzzaiyz-i-/l}m-l—/lz@:p@, 2)
where A = Q+ P/2, Ay =Q — P/2, A3 = B + A2, Bio = Byy + P, P = S» — S11, p is the density of the
medium M and By, By, Bz and Q are the incremental elastic coefficients.

Similarly, adopting the corresponding notations in the medium M’, the equations of motion for gP-waves
are given by

B
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3. Reflection and transmission

Let a plane elastic wave propagating through M with phase velocity ¢ be incident at the corrugated interface
making an angle 6y with the normal. Sidhu and Singh [21] have shown that there exist two types of plane
waves propagating with velocities given by

2PC%,2 = E1(0o) + E2(0p) £ \/(EI(OO) — Ex(09))* + 443 sin? 0 cos? 0y, (4)

where E1(0y) = By sin® 0y + A, cos? 0y and E>(09) = By cos? 0y + A sin’ 6.

Clearly, the velocities given by ¢? (with upper sign) and ¢3 (with lower sign) depend on the angle 0y. Out of
these two velocities, the larger one given by c¢(6y) represents the velocity for gP-waves and the smaller one
given by c¢,(0y) represents the velocity for ¢gSFV-waves in the pre-stressed elastic medium.

When a plane gP-wave becomes incident at the corrugated interface, there are irregularly reflected and
transmitted waves due to corrugation of the interface, in addition to the regularly reflected and transmitted gP
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Fig. 1. Geometry of the problem.

and ¢gSV-waves (see Asano [2]). These regularly reflected and transmitted waves are the same waves, which
arise due to plane interface. The irregularly reflected and transmitted waves are those scattered waves which
propagate with the same velocity as regular waves and appear on the left and right sides of the regular waves.
The geometry of the problem is given in Fig. 1.

Thus, the total displacement in the medium M is given by the sum of the displacements caused by the
incident wave, the regularly reflected waves and the irregularly reflected waves as follows:

00
U= Goe’JO =+ Gle’J‘ =+ G261J2 + Z[Gi‘;’el"ﬂ + Gl_neljfn + G;ne",;n + Gz_neljgn],
n=1

[o¢]
V= Hoezlo +Hleljl +H261J2 + Z[Hirnelj?—" +H17neljf" _'_Hiknez.lzl +HqutJ;1]’ (5)
n=1
where Gy and H\ are the amplitude constants of horizontal and vertical components of the displacement
due to incident gP-wave, G1, H1, Gy, H,, G, HE , G5, and H3, are the amplitude constants and J, J1, /2, 3,
and J3, are, respectively, the phase factors of the incident ¢P-wave at an angle 0y, regularly reflected gP-wave
at an angle 0, regularly reflected ¢SV-wave at an angle ¢, irregularly reflected gP-waves at angles Hff, the
irregularly reflected gSV-waves at angles (;’)ff and are given by Jo = k{cit— (xsinfy — ycosby)},J| =
k{cit—(xsin0 + ycos 0)},J, = k{cat — (xsin ¢ + ycos ¢)}, JE =kfcit—(xsin 05 + ycos 05)} and JE, = k{cat—
(xsin ¢pF + ycos ¢)}, k is the wave number.
The relations between various amplitude constants of horizontal and vertical components of displacements
are given by (see Sidhu and Singh [21])

Go=FHy, G =-F\H, Gy=-F.H, Gi=-FH:, G5 =-F3H;, (6)
where
Fy— 1=A3sin60059’ " =A3$iHQjC059f’ F2:A3Sin€b005¢’ + :A3sin¢fcos¢f
E0)—pd " TR0 - pe Ev¢)—pa3” " E¢)) — pd

Ei(0) = By sin® 0+ A, cos’0, E\(¢) = Bysin® ¢+ A, cos” ¢, E(0F) = By sin® 0F + 4, cos? 0F

n?
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+ -2+ 2+
E]((f)n):BHSll’l ¢n + A cos ¢n‘

E»(0) = Byycos® 0 + Axsin® 0,  Ea(¢p) = Baycos® ¢ + Assin® ¢,

2pc1(0) = E1(0) + E>(0) + \/{E1(9) — E»(0))* + 443sin*0 cos? 0,

208(B) = Ei($) + Ex(d) — \/ (E1(®) — Ex(@)) +4Alsin’ p cos? g,

Similarly, the total displacement in the medium M’ is given by the sum of displacements caused by regularly
and irregularly transmitted waves as follows:

00
’ 1J 1J. + It — J5 + 1JT —
U = Gz + Gye™* + E [G5,e" + G5, €7 + Gy "4 4 Gy e],
n=1

V' = H3e’J3+H4e’J“+ZH+e T+ Hy e 4+ Hf e+ Hy e, (7

n=1

where Gs, H3, G4, Hg, Gf,,,Hg;, fon and H?fn are the amplitude constants and J3,J4,J§1 and J?fn are,
respectively, the phase factors of the regularly transmitted gP-wave at an angle o, the regularly transmitted
qSV-wave at an angle y, the irregularly transmitted gP-waves at angles 5?, the irregularly transmitted ¢SV-
waves at angles y and are given by J; = k{c’lz — (xsino — ycosd)}, J = k{cjt — (xsin (5i — ycosé )W, Ja =
kf{cht — (xsiny — ycos y)},J?fn = k{cht — (xsinyf — ycosyd)}. Similar to the relations in (6) we have

Gy = F3Hs, Gy=F4H,, Gi =FiHi, Gi =FiH;, (8)
where

i Ay sindcos o . _ Aisin dF cos & - Ay sinycosy . _ Assin 7Ecos yE
E\®)—pet T ESH —pet’ Eg)—-pe3 M T EGH-pel

E|(0) = Bj,sin®d + 4| cos?d, E|(y) = B sin’y + 4| cos’y, E|(5F) = B}, sin® 5+ + A4 cos® 57,

E\(yF) = By sin® yF + 4| cos’ yE,  EA(S) = Bhycos® § + Aysin® 5,  Eh(y) = By, cos’y + Aysin’y,

20'¢'T = E\(0) + E5(0) + \/ {E}(0) — Ey(5))* + 44} sin® § cos? ,

20'¢3 = E\(y) + E5(y) — \/{E’ () — E5()Y + 44,7 sin? y cos? .
Snell’s law, which gives the relation of the angle of incidence with the angles of regularly reflected waves and
the transmitted waves, is given by
sinfly sinf sin¢g sind siny 1
a@)~ a® e 40 a0

where ¢, is the apparent velocity. Moreover, each angle of regularly reflected and transmitted waves is
related to the angle of irregularly reflected and transmitted waves through the following Spectrum theorem
(see Asano [3]) as

©)

0F 0 ci

. (15?1[ K np | €2

sin 5t —sing s o=+ e (10)
" Y &

where w is the angular frequency.
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4. Boundary conditions

The appropriate boundary conditions are the continuity of displacement components and traction at the
corrugated interface y = {(x). Mathematically, these boundary conditions can be expressed as: At y = {(x)

V=V,
U="U,
oU oV oV oU ou’ oV’ oV’ ou’
B B A A — B B A, A/
C(llx+16y>+ 01a+16y C(na + 6>+ (TR oy

and

14 oU QU oV (14 U’ ouU’ oV’
C( +A01 >+31 + By — C(A’ + A >+B/ + B, —,

ay ox ay ax 0y ox

where Ao = O — (Sn + S11)/2, 4y, = Q' — (S + S1,)/2, By = Bi» + S11 and B| = B}, + S5),.
Inserting the values of U, V, U’" and V' from Egs. (5) and (7) into Egs. (11)—(14), we obtain

dy

o0
Hoe’;R“ + Hlef";R + Hze*lCQ + Z[{Hﬁle*l@? + H;rne*téQI}e*mpx + {aneﬂgR; + H;”e”gQ;}e’”f’x]

n=1

_H3€ZQS+H4C%L+Z[{H+ 1Sy +H+ 15L+}e—mp‘c_’_{H el(S” -I—H eu,L,, }empx]

n=1

00
GOCZCRO + Gle—lZR + Gze—lCQ + Z[{GEC_ZCR: + G;e_’ZQ:}e_”’” + {Gl—”e—lCR; + Gz—ne—tlQ;}empx:l

n=1

_ G3etcS+G4etgL+Z[{G+ thn +G+ tLLJr}efmpx_F{Gf 1S, +G elA,L }empx]’

n=1
{({'GoB11 — Ag1 Ho)Py + (='BiHo + A1Go)Ro}e™™ + {({'G By — Ao H1)Py + (B H,

— A G)RYe ™ +{({'G2B1 — Ao H2)Py + ({'BIHy — 41G2)Q}e ¢ + Z[{(Po +np)({' Gy, By

n=1
— ApHE) + (U BiHY — A1GE)R Y Rie™Y 4 (P — np)({' G, By — Ao H7) + ((BiH,
— A1Gy,)R; e Ree™ 4 {(Py + np)({ G3,B1y — Aot H3,) + (('BiH3, — A1G3,)0; fe ™% e~
+ {(Py — np)({' G5, B1y — Ao  H7,) + (B H5, — A,G3,)Q; e "% e"™~] = (({' B}, G5 — Ay, H3) Py
o0
— (('ByH3 — 4)G3)S)e"S + {({'B)Ga — Ay Ha)Po — (' By Ha — A1 Gy)LYe"" + > [{(Po

n=1

+np)(G1,By, (' — Ay HY) — (( B HY, — A/lG;;,)S:}e’gS:ef”””C + {(Py — np)(G5,B,,{

— Ay H3,) — (B H, — A)G3,)S, e e + {(Po + np)( G, By, (' — Ay HY,) = (B HY, — 4,G)

x L Yetne™ X 4 ((Py — np)(Gy, B, (' — Ay Hy,) — (( B Hy, — A} Gy)L; Ye*tr e,
{({'HoAs — B1Go)Py — ({'Ao1 Go — By Ho)Ro}e™™ + {(({{H 43 — B1G1) Py + ({' 01 Gy
oo
— BuH)Rle™ "+ ((HoAs — BIG2)Po + (401 Gol' — BnH2)Qle ™ + > [{(Po + np)

n=1

x (('A>HY, — B1GT,) + ({401 Gy, — B HY, )R Je™ R emmpx 4 {(Py — np)({ A H, — B1Gy,)

(11)
(12)

(13)

(14)

(15)

(16)

(17)
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+ (A01 G0 — B Hy,)R, Ye " Rr e 4 (Py + np)({ Ay HY, — B1G3,) + (401G5,0 — By HE)OF)
X e e 4 {(Po — np)({' A, — BiGy,) + (Ao Ga, — BuaH3,) Qe 0]
= {({'4,H3 — B\ G3)Py — ({' A}, Gs — By, H3)S}e"™ + {({'45Hy — B{G4)Py — (' A}, Gy
o0
— By Hy)LYe™ + > "[{(Po + np)(H3, Ay — B\ G3,) — ({4 G3, — By, H3,)S je! S e
n=1
+ {(Po — np)(H3,450 — B G3,) — ({' 4y, Gy, — By H3,)S;, 1“5 " + {(Po + np)(H, A5
— B\ G},) — (4, G, — By H L)L e e 4 {(Py — np)(H,, 450 — B\ Gy,) — (' Ay, Gy,
— By H, )L, Jeh e, (18)

where

00
U= e — e ymp,
n=1

: + +
 sin O wcos 0 . wcosl, cos ¢ L  WCcos¢,
Py = » Ry=R= , Ri=—7-+, O0=——, O/ =—T—-,
€1 €1 €1 2 2
W Cos wcos oF W CoS Yy wcosyE
S = Sy=—7", L= Ly =—7F"

s ) n

€l €1 ) )

These Egs. (15)—(18) are the equations satisfying the boundary conditions which consist of unknown
amplitude constants. Knowing the expressions of amplitude constants from these equations, one can obtain
the reflection and transmission coefficients to the nth order of approximation of the corrugated interface.

Here, we shall obtain these coefficients only for the first-order approximation of the corrugation.

5. Solution of the first-order approximation

Assuming that the amplitude and slope of the corrugated interface are so small that the higher powers of {
can be neglected, we can write
exp(+i{R) ~ 1 = 1{R. (19)
Using Egs. (6), (8)—(10) and (19) in Egs. (15)-(18) and comparing the term independent of x and { to both
sides of the resulting equations, we obtain
H, H, H; H,

Ly S A =1 20
H0+H0 7, H, , (20)

H, H, H; H,
Fil—+F,—+Fy—+F,—=F 21
1HO+ 2H0+ 3HO+ 4H0 1s (21)
H H H H
—a1—1+a2—2+a;—3+a4—4=a1, (22)

H, H, “Hy H,

+by—+b3—+ by by, (23)

pHi o, My Hy o Ha
]H() Ho HO HO_

where

ay = P()AOl — RFlAl, a) = —P()A()1 + QFZAI: az = P0A61 — SF3A/1, ag = PoAE)] — LF4A/,

b] = F]P()B] — BzzR, b2 = FQP()B] — BzzQ, b3 = F3P()B/1 — B/ZZS and b4 = F4P()B/1 — B/22L.
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Next, comparing the coefficient of e~ to both sides, we obtain

_1|;1 3;1 ;rn In +
H H _ H_» — _H 24
Hy Hy, Hy, Hy “io- 24)

H H, H, H}
Fi, H—‘O + F3, HO" + F3, H~0” + Fj, ?0 = a3, (25)
HT HT HT Hf
—+ 1n + 2n + 3n + n _ o+ 26
Aip HO + oy HO + asy HO + Ay HO Qon> ( )
H HT HE Hf
b+ 1n b+ 2n b+ 3n b+ 4n _ bJr 27
1n H, + 2n H, + 3n H, + 4n H, On> ( )

where

H, H, H; Hy H, H, H; Hy
=1 ,|-R+ R— —+S—+L— T =1 |FIR+FIR=—+ F,0— — F3:S— — F4L=—]|,
41 i, + H0+QH()+ H0+ H,|’ ay 1, |FIR+Fy H0+ 2QH0 3 H, 4 H,

al, = —Ao(Po+np) + F{,A\R}, a3, = —Aoi(Po+np)+ F3,4,0}, ai, = Ay (Po+ np) — F3,4, S,
af{n = AE)](P() + np) — FLA/IL:, aa; =i, [BllFl”pPo — BinpR + A¢1 PoR — A1F1R2 + {—BllFll’lpPO

H H :
+B1npR—A01P0R+A1F1R2}H—l+{—B“onzPo+B1an—A01P0Q+A1F2Q2}Fz+{—B”F3in0
0 0
; / / 2 H3 ; / ’ / 2 H4
+BlnpS - A01P0S+A1F3S }F-{— {—BHF4I’lpP0 +B]an — AmLP() + A]F4L }F ,
0 0

+
bln

= B\F}{,(Po+np) — BuR}, by, = BiF3,(Po+np)— BnQy, b3, =F3,B/(Py+np)— ByS;,
bzn = F‘J{n(P() + np)B/l — B/22L:, barn =i_, AzinO — A01F1npR + B1F{RPy — BzzRZ

H H
+ {npA2P0 — Fll’lpAmR + B1F1RPO — Bzsz} F; + {A2in0 — FZHPAOIQ + B1F2QP0 — BzzQz} Fﬁ
/ / / .o H3 ’ ’ / 2 Hy
H=npAsPo + npF A S — BIF3S + By, S?} o + (= AynpPy + npFydgy L — By F4LPy + By, L) 2.
0 0

Likewise, comparing the coefficient of e””* to both sides, we obtain

o H Hu_ o (28)

HT H> HY H;
Fp g po 2y po g o A g 29
In HO + 2n HO + 3n HO + 4n HO a0, ( )

T H> H> H

— In — 2n — 3n — 4n —

ay, HO +a2n HO +a3l1 HO +a4n HO = o> (30)

HT H> H> H;
b e O g b g+ b g = b (31)

where

_ H, H, H; Hy _ H, H, H; Hy
= —R+R— — — 4+ L — = F\IR+F\R—+F, 00— — F38S— — F4,L—
ay, = 1g, + 7 + QHO + SHO + Ho} 5y lCn|: 1R+ F H + 2QH0 3SH0 4 Hol’
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ay, = —Ao(Py —np) + F1,AiR;,, a5, = —Ao(Py —np) + F3,4,0,, a5, = Ay (P —np) — F3,A4\S,

no°
ay, = Ay (Po —np) — F, A\L,, ag, =1,| —npB, F1Po+npB, R+ Ay RPy — A FoR*
2 H, 2, Ho2
+ {(l’lpFlB]l — A()]R)P() + A]F]R — anlR}FO + {(B]]I/lpF2 — A()]Q)P() — }’lpBlQ + F2A1Q }H—O

H H
+{(npB) F5 — Ay, S)Po — BinpS + F34,5%) H—; + {(npF 4B, — Ay L)Py — BjnpL + F4A|L*} Fz ,

by, = BiF},(Py —np) — BnuR,, by, = B\F5,(Py—np)— B»Q,, b;,=F5,B/(Py—np)+ By,S,,
by, = F3,(Po — np)B, + By, L, , by, =1(,|(—npA, + F1BiR)Py + FinpAy R — B»R* + {(—npA,

H H
— BiF\R)Py + Ao1 FinpR — Bzsz}F; + {(—=npA, + BiF20)Py + F2AqinpQ — B» 0%} Fz

/ / H / / ! / H
+{(Aynp — B\ F3S)Py — F3A,npS + By, S?} Fi + {(npAy — B\ F4L)Py — FanpAj L + B,,L*} F;‘ .
Egs. (20)—(23) give the formulae for amplitude constants at the plane interface between two different
pre-stressed elastic half-spaces, while Eqgs. (24)—(31) give that at a corrugated interface for the first-order
approximation of the corrugation.
Solving Egs. (20)—(23), we get the ratios of amplitude constants for vertical displacement component of the
reflected and transmitted waves at the plane interface as
Hi_Am Hy _Am  Hy _ Ams He  Am
Hy A H, 4

Ho_ A > F()_ A s (32)

where
1 I -1 -1
F, F, F; F,
—a; a a3

by by by ba

and the expressions of Ay, Ags, Ays and Ay4 can be written by replacing the first, second, third and fourth
columns of the above determinant in 4 with the column matrix [-1 F; a; b;]’, respectively. Using Egs. (6)
and (8), we obtain the expression of the ratios of amplitude constants for horizontal displacement components
of the reflected and transmitted waves at the plane interface as

Gl Adm Gy Fodpy Gy F3dps Gy Fydpy

Go A Gy, F, A Gy F, A Gy F, 4

(33)

The amplitude of the incident ¢gP-wave is given by \/ H ﬁ + Gé = \/ 1+ F %Ho.
Therefore, the reflection coefficients Ry, (corresponding to the reflected gP-wave), Ry (corresponding to the

reflected ¢gSV-wave), transmission coefficients 7, (corresponding to the transmitted gP-wave) and Tl
(corresponding to the transmitted ¢SV-wave) are then given by

Amn 1+ F3 A 1+ F3 A3 1+ F3 Any
Ryp == Ry=] dm g dm - po Ans 4
PP TR 1+F2 47 °7 1+F 47 " 1+F2 4 34

It is clear that these coefficients at the plane interface are independent of the amplitude of corrugation and the
frequency of the incident wave.

After obtaining the amplitude constants corresponding to irregularly reflected and transmitted waves for the
first-order approximation of the corrugated interface from Egs. (24)—(31), the concerned expression of
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reflection and transmission coefficients can be calculated. We shall obtain these coefficients in the next section
for a periodic type of interface.

6. A periodic interface
Let us take a simple periodic interface represented by only one cosine term, i.e., { = d cos px, where d is the

amplitude of the corrugated interface and 2% /p is the wavelength of the corrugation. Comparing this equation
with Eq. (1), we obtain

0 if n#l,
Cn=0= g ifn=1.

Using these values in Egs. (24)-(31), we can obtain the values of HY{,/Ho, Hy,/Ho, H3,/Ho, Hj /Ho;
H{,/Hy,H5 /Hy, H5,/Hoand Hy, /H,, which are ratios of amplitude constants of the vertical component of
displacement for irregularly reflected and transmitted waves to that of incident wave as

HY, _Ayn  Hy My H3y A Hy A

Hy A7’ Hy Af° Hy, A7 Hy 47"~

Hi Ay Hy i Hs_ iy Ho_ Aga

H, Al_ ’ H, Al_ ’ H, Al_ ’ H, Al_

(35)

The ratios of the amplitude constants of the horizontal component of displacement for irregularly reflected
and transmitted waves to that of incident wave are given by

+ + 4+ + + A+ + + 4+ + + 4+
Gh_  Fiduyn  Gun_ Fudiy Go_ Fiidusn Ga_ Fa A

Gy Fy AT Gy Fy A7 Gy  Fy A7 Gy  Fy A7’
ﬁz_ﬂAI_ﬂl’ @Z_QAI_JZI’ EZEAI_-BI’ %:QAI_M, (36)
Gy Fy A7 Gy Fy A7 Gy Fi 47 Gy Fi 47
where
11 -1 -1 11 -1 -1
At = FII F%l Fiﬁ Fi*l 4= FEl Ff_l Fi_l Fi_l
ap  dy 4z dy ayp Gy dzp dy
biy by by by by by by by

The expressions of quantities F&, F3,, afy, a5, b, by, etc. can be obtained from the expressions of quantities
Fﬁ,F;;,afn, azin,bﬁ,.b;, etc. by putting 7 = 1, respectively, the expressions of A1 4?121’4‘;;31. and 4;541 can
be written by replacing the first, second, third and fourth columns, respectively, of the determinant in 47 by
the column matrix [af, af, af, bg]' and the expressions of Ay, Ay, A5z and Ay, can be written by
replacing the first, second, third and fourth columns, respectively, of the determinant in 4] by the column
matrix [ay, a5, dy; by;]'. The expressions of ai; and ], can be obtained from ag, and by, respectively, by

putting n = 1.Thus, the reflection coefficients: Répi (for irregularly reflected gP-waves at angles Hli), RllJsi
(for irregularly reflected ¢SV-waves at angles d)f) and the transmission coefficients: TI')pi (for irregularly

transmitted gP-waves at angles 5?[), Trl)Si (for irregularly transmitted ¢SV-waves at angles y{) are given by

R, — L+ (F) A3, R, — L+ (F3) A3
PP 1+F; 477 P 1+ F; A7

A L (F5) A1 A L (F31)’ A . (37)
op l+F A7 0P L+ F7 A7
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It can be seen that these coefficients are functions of the angle of incidence, initial stress, incremental elastic
coefficients, amplitude of the corrugation and frequency of the incident waves.

7. Particular cases

(a) To reduce the problem at a corrugated interface between a homogeneous isotropic elastic solid half-
space and a pre-stressed elastic solid half-space, we substitute B, = By, = ' +2u/,B|, = By, = B| =1, 4] =
A, =Q = Ay =w, Ay =2+ and S}, = S5, = 0 into the expressions and equations in the half-space M'.
With these substitutions, the quantities in the half-space M’ reduce to ¢, = /A +2u'/p, ¢y = /W /p', F3 =
—tand, Fy = coty, FE, = —tan ] and F, = coty7. In this case, the reflection and transmission coefficients
of the regularly reflected and transmitted waves are given by Eq. (34) with the following modified values of
as,as, b3 and by given by a3 = (Py+ Stand)u',aqs = (Py — Lcoty)u',by = —PoA' tand — (/' +2u)S and
by = PyA coty — (A +2u)L.

The reflection and transmission coefficients at the corrugated interface for the first-order approximation for
the case of a periodic interface are given by Eq. (37) with the following modified values:

H, H; Hy
Ho + StanéHO — Lcoty

d H
afy =ay =15 |FIR+F IR+ F,0 ol

5 2 aiy = W(Py+p)+ 1S} tan sy,

, d
af =W (Po+p)— WL cotyf, aj = 51 B\ F1pPy — BipR + Ap1 PoR — A\ FoR* + {—By, F1pP,

H H ,
+ BipR — Ap1 PoR + A1F1R2}Fl+ {=BupF,Py+ BipQO — Ao PoO + AleQz}Fz +{(A + Zu/)ppo tan o
0 0

H H
+2'pS — 1/ PyS — 1/ S? tan 5} FZ + {—(X 424 )pPycoty + ApL — W LPy + 1/ L* cot y} Fz ,

b3, = —A(Py+p)tand] — (X +21)ST, bi = A (Po+p)cotyf — (X +2u)LT,

b(;Ll ZZE

d H
A2PP0 — A()]F][)R + B]F]RP() — 322R2 + {pA2P0 - FlPA()]R + B]FZRPO — BzzRZ}F:]
2 H> / / ’ ’ N o2 H;
+ {ApPy — FopAyQ+ B F20Py — By Q }F—‘r {—pu' Py — pp/Stand + A'Stano + (4 +2u)S }F
0 0
’ ’ / H — / / o— -
+{—uwpPy+ pu'Leoty — AV LPycoty + (X' + 2u )LZ}F4 , a3y =W (Py—p)+ 'Sy tandy,
0
ay = [ (Py — p) — WLy cotyy,

_ d H
ay = ZE —pB“Flp() +pBlR + Ao RPy — A1F1R2 + {(PFlBll — Ay R)Py + A1F1R2 —pBlR}F(l)-i- {(BllpF2

H , , H /
— A0 Q)Po — pB,Q + FzAle}F2 +{(=p() + 21y tan & — W/ S)Py — A'pS — /' S” tan ) 73 +{(p(2
0 0

’ / ’ H — Y — ’ N o—
+2u)coty — ' L)Py — (A 4 21 )pL + 1/ L? cot y} H;] , by =—-A(Py—p)tand; + (A4 +21)S7,

_ _ _ _ d
by = (Po — p)A cotyy + (X' +2u)Ly, by = 15 {{(—PAz + F\BiR)Py + F1pAg R — BnR* + {(—pA,

H H )
— B\F\R)Py + Ay F1pR — Bn R’} H—(‘) +{(—=pAs + BIF2Q)Py + F2ApipQ — B 0%} Fi +{(up

H H
+82 tan 8)Py + w'pStan 6 + (A + 2u)S?} H—3 + {(pi’ — L coty)Py — p' Leoty + (2 + 2u/)L?} H—4 .
0 0

These reflection and transmission coefficients at the corrugated interface for the first-order approximation of a
periodic interface are functions of the angle of incidence, elastic parameters, initial stress, amplitude of the
corrugated interface and frequency of the incident wave. When the amplitude of the corrugated interface is set



698 S.S. Singh, S.K. Tomar | Journal of Sound and Vibration 317 (2008) 687-708

equal to zero, i.e., when d = 0 in the formulae given in Eq. (37), it can be seen that each one of the coefficients
corresponding to irregularly reflected and transmitted waves disappears as all these coefficients are
proportional to the amplitude of the corrugated interface. It is because of the quantities a7, a3, a3, and bojcl are
proportional to the amplitude of the corrugated interface.

(b) If the elastic half-space M’ is absent and the corrugation of the interface is neglected, then the problem
reduces to the problem of reflection of a gP-wave at the free plane boundary of a homogeneous pre-stressed
elastic half-space. For this, we substitute the quantities with a prime equal to zero and the reflection
coefficients at a plane free surface of a pre-stressed elastic half-space are given by Eqs. (34), and (34), with the
following modified values:

A =ayby + brai, Ay = arhy —bray, Ap> =2a1b.

These reflection coefficients exactly match those obtained by Sidhu and Singh [21] for the corresponding
problem.

8. Computational results and discussion

The reflection and transmission coefficients are computed numerically at a periodic interface z = d cos px by
taking the following values of relevant parameters in the half-spaces: in the half-space M: Bj; = 6.5 x
10" N/m?, By = 1.8 x 101°°N/m?, By = —59 x 10°°N/m?, 0 =25 x 10" N/m> and ), = Sy =4.0x
10'°N/m?; in the half-space M": Bj; =2.1 x 10'"' N/m? B}, = 1.6 x 10'"° N/m?, B}, = —2.7x 10"’ N/m?, Q' =
45x 10""N/m?> and S}, =S5 =20x10"N/m> and the values of corrugation parameter and
frequency parameter, respectively, are taken as pd =122 x 10™* and w/pc, = 250.0 wherever not
mentioned.

For a given angle of incidence 6, one requires angles of reflected and transmitted ¢P and ¢SV-waves, i.e.,
angles 6 and ¢ for reflected g P and ¢SV-waves, respectively, and angles 6 and y for transmitted ¢gP and ¢gSV-
waves, respectively. This can be obtained from Snell’s law given by Eq. (9), in which the dimensionless
apparent velocity ¢ is given by ¢ = ¢,/ = c12/p,f. With this, the equation corresponding to two roots
namely, ¢? and ¢3 given in Eq. (4), can be written as

—_— = _— 32
¢ —(E1 + E2)& + E\E; — Ayp) = 0, (38)

= E, - E, — A3 D3 By .
E=——, Ey=—", A3=—-, ==, =4]/— ,P3) = (sin 0y, cos 0p).
Bi1p3 Bup3 By Po D> p o (P2:P3

From Eq. (38), we see that there are two roots of ¢ corresponding to the velocities of ¢P- and ¢SV-waves, for
a given value of 0y. And for a given value of ¢, there are two positive roots of 0 corresponding to the angles of
the reflected gP- and ¢SV-waves. Substituting these values of £, £, and A3 into Eq. (38), we obtain

goPy + 92P + 94 = 0, (39)
where
Ay A Ay By A A% (Al A2>_2 4 ( Bzz)_z By
=2l =222 2 8 (B 2R g = - (1422 )8+ 22,
9=B B T BB, B B}, By By 94 B By,
Transforming the above equation by using ¢ = pio = ;’—; we obtain
934" + 04° + 9 = 0. (40)

There are two positive roots of this equation. The larger positive root will correspond to a reflected gP-wave
and the smaller positive root will correspond to a reflected ¢gSV-wave. Let ¢l3 be the larger positive root and
q14 be the smaller positive root of this equation. Thus, the corresponding angles of the reflected ¢gP and ¢SV-
waves are given by

0 =tan"!(¢l3) and ¢ =tan"'(qly),
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A similar equation can be set up for transmitted waves in medium M’ and the corresponding angles of the
transmitted ¢P and ¢SV-waves are obtained as

d=tan"'(gl}) and 7y =tan"'(ql}).

Thus, we have obtained the directions of the regularly reflected and transmitted waves. The directions of the
irregularly reflected and transmitted waves can be computed by using the Spectrum theorem given in Eq. (10).

Now, we are ready to compute the reflection and transmission coefficients of the reflected and transmitted
gP and ¢gSV-waves numerically from the formulae given in Eqs. (34) and (37). The results are shown
graphically in Figs. 2-17. In Figs. 2—13, the variation of the modulus of the reflection and transmission
coefficients of the reflected and transmitted waves are depicted with the angle of incidence 6, at different
values of the initial stresses. In these figures, curve I corresponds to the case when the initial stresses are zero
(isotropic elastic case), curve II corresponds to the case when the values of initial stresses are taken as
S11=8»=20x IOION/mZ, S =8%=10x IOION/mz, while curve III correspond to the case when the
values of the initial stress are taken as Sj; = Sy = 4.0 x 10" N/m?, S}, = S5, = 2.0 x 10'"°N/m? (only the
mantissa parts of these numerical values are shown in the figure legends). In Fig. 2, the effect of initial stress on
the reflection coefficient Ry, can be clearly noticed. We note that the coefficient Ry, increases with an increase
of the initial stress at every angle of incidence except at grazing and normal incidences. At normal and grazing
incidences, there is no effect of initial stress on Rpp. It can also be noted that for all the three cases considered,
the reflection coefficient Ry, starts from a certain value at normal incidence and then it decreases with an
increase of the angle of incidence 6 up to a certain value and afterwards, it increases with a further increase of
the angle of incidence and approaches unity as 0y approaches 90°. Curves I-11I have their minimum values,
respectively, at 25°, 21° and 16° angles of incidence.

In Fig. 3, the reflection coefficient Rll3p+ corresponding to the irregularly reflected ¢P-wave starts from a
certain value at normal incidence and then, it decreases to the value zero at 18° angle of incidence for isotropic
case as shown in curve I and to the minimum value at 27° and 58° angles of incidence for non-zero initial stress
cases as shown in curves II and III, respectively. Thereafter, curves I and II are parabolic in nature in the range
18° <0y <85° and 27° <0y <82° attaining the maximum value at 61° and 59° angles of incidence, respectively,
while curve 11 increases with an increase of the angle of incidence. In Fig. 4, the value of reflection coefficient
Rép, corresponding to an irregularly reflected ¢gP-wave is greater in the isotropic elastic case than those in the

1.00
. ) . . e ol ol _ qP-wave
—{ Curve I: Elastic case: S11=8y,= §'44=8'»=0
- Curve Il: Initial stress: S14= 2.0, S,,= 2.0,
0.90 - /11 /22 "
. §'44=1.0,8,,=1.0 J
-1 Curve llI: Initial stress: S44= 4.0, S,,= 4.0, I”
] /o / !
0.80 — s/4=2.0,8,,=2.0 /,

Reflection coefficient

020 IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII

0 10 20 30 40 50 60 70 80 90
Angle of incidence (in degrees)

Fig. 2. Variation of reflection coefficient Ry, of a regularly reflected gP-wave with 0.
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Fig. 3. Variation of reflection coefficient Rép* of an irregularly reflected gP-wave with 6.
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Fig. 4. Variation of reflection coefficient Rll)p, of an irregularly reflected gP-wave with 0.

cases with initial stresses at each angle of incidence except at grazing incidence. However, it has been observed
that with the increase of parameters corresponding to initial stresses, this reflection coefficient decreases. The
effect of initial stress on the transmission coefficients 77, and Tll,p+ corresponding to the regularly and
irregularly transmitted qP-waves can be seen clearly from Figs. 5 and 6. The effect of initial stress is maximum
at normal incidence, while it is negligible at grazing incidence. However, the coefficient T, increases, while the

coefficient T 11313* decreases with an increase of initial stress. We observe from Fig. 7, that the behavior of
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Fig. 5. Variation of transmission coefficient 7', of a regularly transmitted gP-wave with 0.
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Fig. 6. Variation of transmission coefficient T rl>p+ of an irregularly transmitted gP-wave with 0.

transmission coefficient Tép, corresponding to an irregularly transmitted gP-wave with the angle of incidence
1s similar to Rép, as shown in Fig. 4. In Figs. 8, 10, 11 and 13, the modulus of the reflection coefficients R, and
RII)S, corresponding to the reflected ¢gSV-waves and the transmission coefficients 7', and TII)S, corresponding
to the transmitted ¢SV-waves increase from the value zero at normal incidence, with the increase of the angle
of incidence attaining their maxima at a certain intermediate angle of incidence. Thereafter, they decrease with
further increase of the angle of incidence, approaching the value zero as 6, approaches the vicinity of 90° angle
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Fig. 7. Variation of transmitted coefficient Tl')p, of an irregularly transmitted gP-wave with 0.
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Fig. 8. Variation of reflection coefficient Ry of a regularly reflected ¢SV-wave with 0.

of incidence. We note from Figs. 9 to 12 that the coefficients RllaS+ and T113s+ corresponding to irregularly
reflected and transmitted ¢SV waves have a similar pattern with the angle of incidence. These are also
influenced by the initial stress in the same fashion.

Figs. 14-17 show the variation of the modulus of reflection and transmission coefficients of the irregularly
reflected and transmitted ¢gP and ¢SV-waves with corrugation parameter pd and frequency parameter w/pc,
when the gP-wave is made incident at 15° angle of incidence. In these figures, we note that the reflection and
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Fig. 9. Variation of reflection coefficient RIIJS+ of an irregularly reflected ¢SV-wave with 0.
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Fig. 10. Variation of reflection coefficient, R:,s, of an irregularly reflected ¢SV-wave with 6.

transmission coefficients corresponding to irregularly reflected and transmitted waves increase linearly with an
increase of corrugation and frequency parameters. In Figs. 16 and 17, the linear increase of the reflection and
transmission coefficients with the frequency parameter w/pc; is because the reflection and transmission
coefficients corresponding to the irregularly reflected and transmitted waves are proportional to the amplitude
of the corrugation. These results are similar to the results obtained in Asano [3] and Gupta [5] in their
problems.
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9. Conclusion

The reflection and transmission coefficients due to a plane gP-wave incident at a corrugated interface
between two pre-stressed elastic half-spaces are obtained. Rayleigh’s method of approximation is adopted
in order to find out these coefficients for first-order approximation of the corrugation. The solutions of
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705

first-order approximation of these coefficients are expressed in closed form for a periodic type of interface

(cosine law). It is concluded that

(1) the reflection and transmission coefficients are functions of the initial stresses, incremental elastic
coefficients and angle of incidence,
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(i1) the reflection and transmission coefficients corresponding to the plane interface are independent of the
corrugation and frequency of the incident waves,

(iii) the reflection and transmission coefficients of the irregularly reflected and transmitted ¢P- and ¢SV-waves
are proportional to the amplitude of the corrugated interface,
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Fig. 17. Variation of transmission coefficients of irregular waves with frequency parameter w/pc,.

(iv) the coefficients corresponding to the regularly reflected and transmitted gP-waves are found to increase
with an increase of initial stresses, while the coefficients of regularly reflected and transmitted ¢SV-waves
are found to decrease with an increase of initial stresses,

(v) the reflection and transmission coefficients corresponding to the irregularly ¢P- and ¢SV- waves are found
to decrease, in general, with an increase of initial stresses and

(vi) at grazing and normal incidences, no effect of initial stresses is observed on regularly reflected ¢P-, ¢SV~
waves and regularly transmitted ¢S¥V-waves. However, a significant effect of initial stress is noticed on
regularly transmitted ¢gP-waves at normal incidence.
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